THE RATIO OF 0-CONGRUENT NUMBERS 

YAN LI AND SU HU 

CN I Abstract. Let < 6 < n such that cos e Q. In this paper, we prove that 

^^' for given positive square-free coprime integers k, I, there exist infinitely many 

Cd I pairs (M, N) of fl-congruent numbers such that IN = kM. This generalize the 

previous result of Raj an and Ramaroson I.14J on the ratio of congruent numbers 
from congruent numbers (i.e. 6 = n/2) to arbitrary 0-congruent numbers. 

m 

H, 

^ , 1. Introduction 

^t^ . A congruent number is a square-free integer which is the area of a right tri- 

c^ ■ 

angle with rational sides. The interesting problem to decide integers which are 

congruent numbers was systematically studied by Arab scholars in the tenth cen- 
tury. The congruent number problem are closely related to the arithmetic theory 
Q^ • of elliptic curves. It is well known that a square-free integer n is a congruent 

[pr ' number if and only if the elliptic curve ny^ = x(x^ - 1) has positive rank (see [|71, 

lO I for instance). 

J^^ I Fujiwara [11 J extended the concept of congruent numbers by considering 

O ! general (not necessarily right) triangles with rational sides. Let S be a real number 

with < 6 < n. A triangle with an angle 6 and rational sides is called a rational 
0-triangle. Notice that, for such a triangle, cos 6 is necessarily rational. In the 
sequel, we always assume cos 6 e Q and denote 



^ 



(1.1) cos6 = -, r,seZ, r> 0, %cd{s,r) = 1. 

r 

Definition 1.1. A natural number n is 6-congruent if n is square-free and nr sin 6 
is the area of a rational 0-triangle. 

For ^ = f , 0-congruent numbers are just the usual congruent numbers. Like 
the congruent numbers, the 0-congruent numbers are also closely related to the 
arithmetic of elliptic curves. Let £„ ^ be the elliptic curve defined by 

1 
r 
In a slight different form, Fujiwara IfTTI showed that 



E„g : ny'^ = -x(x + cos 6 - l)(x + cos + 1). 



Theorem 1.2. (Fujiwara) Let n be any square-free natural number. Then 
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(1) n is 6-congruent if and only if E„^0 has a rational point of order greater 
than 2. 

(2) For n i^ 1,2,3,6, n is 6-congruent if and only //"£■„ ^(Q) has positive rank. 

For more properties of 0-congruent numbers, see ^, lfT2l . 

For congruent numbers, Chahal t5J has proved that there exist infinitely many 
congruent numbers in each residue class modulo 8. Bennett [13 J extended Cha- 
hal's result to any integer m > 1. Johnstone and Spearman I1I61I made further 
improvements on Bennett's result. 

Recently, Rajan and Ramaroson [14] got the following interesting result on 
the ratio of congruent numbers. 

Theorem 1.3. (Rajan and Ramaroson) If k and I are positive, square-free co- 
prime integers, then there exist infinitely many pairs (M, N) of congruent num- 
bers such that IN = kM. 

In this paper, following the method of Rajan and Ramaroson [[T4ll . we will 
generalize their results to arbitrary 0-congruent numbers. Our main results are 
the following: 

Theorem 1.4. Let < 9 < n such that cos OeQ.Ifk and I are positive, square- 
free coprime integers, then there exist infinitely many pairs (M, N) of 6-congruent 
numbers such that IN = kM. 

Corollary 1.5. Assumption as above, there exist infinitely many square-free in- 
tegers N such that both kN and IN are 6-congruent numbers. 

2. Generalized Holm's Curve and its jacobian 

Let /? be a rational number such that /3 i^ +1. Let k, I be coprime positive 
integers such that k i^ I. We call the curve 

H/s: Ixix -\- /3 - l)ix -\- /3 -\- \) = kyiy -\- fi - l)iy -\- /3 -i- I) 

the generalized Holm's curve since for^S = 0, H^ was considered by Holm UJ in 
a slight different form. 

In this section, we will study ifg and its jacobian E^. We will show that H^ is 
a smooth irreducible curve of genus one with infinitely many rational points. 

Proposition 2.1. //^ is a smooth irreducible curve of genus one. 

Proof. It is well-known that a smooth cubic is automatically irreducible of genus 
one. So we only need to check the smoothness. To do this, we will use the jaco- 
bian criterion. 



THE RATIO OF 0-CONGRUENT NUMBERS 



LQtG{x,y) = lx(x+/3- l)(;c+;0+ 1) - fcjCy +;0- l)Cv +;0+ 1). The equation 



r 



(2.1) 



^- = l(x(x+/3-l) + x(x+/3+l) + (x+/3-l)ix+/3+l)) = 
ox 

— = -k{y{y+li-\)+y{y+li+l) + {y+li-\){y+li+\)) = 
I dy 



has four solutions (ai, ai), {a^^aj), {aj, ai), (aj, 0:2), where we assume a^ < 02- 
Since ai and ci are the extreme points of cubic function u = v{v+/3-l){v+/3+l), 
from the graph, one can see ai(ai + /3 - l)(ai + /3 + 1) > and Q'2((3'2 + 
/3 - l)(a2 + /3 + I) < 0. Since k i^ I axe positive integers, the four points 
(ai, ai), (ai, 02), {a2, ai), (a2, 02) do not satisfy the equation G(x,y) = 0. Thus 
H^ is smooth on the affine part. It is easily checked that //g is also smooth at 
the infinite points (-^/kTl, 1,0), (y/kflp, 1,0), {ilkflp^, 1,0), where p is a primitive 
cubic root of unity. n 

Using the method of IfTOl (p. 23), one can change Hp to its jacobian E^. 

by identifying (0, 0) to the zero element. The computation is done by Mathemat- 
ica 7.0, see the file "Eq.nb" in the supplementary materials. 

Proposition 2.2. (i) The discriminant of E 13 is 

-^k'^l\-4k^l\3 +/3Y + i2klf (-9 +ff + 21k^{-l +0^f + 21l^{-\ +fff). 
(ii) The j-invariantofEp is 

69\2k^fO+0^f 

~-4F/2(3 +^2)6 + (2kl/3\-9 +J3^y + 27F(-1 +^62)2 + 21P{-1 + 0^ff 

(Hi) The rational transformation relating Hp and Ep are 

kl(-3ly + k(3x + 6/3- (3x + Ay)0^ - 60^) + ll5{-6 + Axp + 3p{y + 2P))) 



X = 
Y = 



3lx - 3ky 
k(k - l)l{-l +/3^)(kl(x - y)(l + 2{x + y)/3 + 30^) - fx(-l +/3(x+/3)) + k^y(-l + fijy +yg))) 

(Ix - kyf ' 



X = 

'^2o2r 1 , o2\ , oi2r 1 , o2\2 



3k(-\ + fi')(l(2k^fi\-\ +fi^) + 3H-\ +fi'y + kl{3 + \6fi^ - 3j3*)) + 6j3Y -3{k + l-{k- 31W)X) 
'9{k + Z)(-l +0^)Y +/3ikl(9kH-l +0^f + 9Z2(-1 +^62)2 - 2kl{9 + 5l3\-6 + fi^))) - 6kl{3 + 5J3^)X + ISX^)' 

y = 

3/(-l + fi^)iki2f/3\-l +0-) + 3A:2(-1 +^62)2 + kl{3 + 16/3^- 3/3^)) + 6pY -3{k + l + {3k - l)0-)X) 
'9{k + /)(-l +0^)Y +/3{kl(9k\-l +;02)2 + 9/2(_i +^2)2 _ 2kl(9 + 5j3\-6 + /3^))) - 6kl{3 + 5J3^)X + 18X2)' 
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(iv): Under the above transformation, the nine rational points of Hp corre- 
spond to the nine rational points ofE^ as follows : 

Pr.{-fi-h-/3+l)^ i^kl{3 +/3\k{k - /)/(-! +yS2)), 

P2 : (0, -/3+l)^ (i/(3Z(l +/3f - 2k/3i3 +/3)), (k - 1)1(1 + /3){k(-l +/3)- l(\ +/3f)), 

P3: (-13+1,-/3+1)^ (^kl(-3 + (-6 +/3)/3),klik + /)(-! +/3^)), 

P,:(-/3- 1,0)^ {^k{3ki-l +I3f - 2Z(-3 + /3)/3),k{k- l){-l + /3){l + k(-l + fif- + Ifi)), 
P5: (0,0)^0, 

Pe : i-/3 + 1,0) ^ (^^(3^(1 +/3)^ - 21/3(3 +/3)),k(k - /)(1 +/3)il -1/3 + fc(l +/3)^)), 

P-, :{-/3- 1,-/3 -\)^ (hl(-3 +/3{6 + /3)), -kl{k + /)(-! + /3')), 

P, : (0, -yS - 1) ^ (^/(3/(-l + /3)^ - 2k(-3 + /3)/3), -(k - /)/(-! + /3)(l{-l + /3f + k{l + /3))), 

P,:(-/3+ 1,-/3-1)^ (^kli3 +[3\ -k{k - l)l{-\ +/3^)). 

(v) £/j(R)[2] = Z/2Z. 

Proof. The (i), (ii), (iii) (iv) can be checked by Mathematica 7.0, see files "invari- 
ants.nb", "trans.nb", "coordinates. nb" in the supplementary materials. We only 
give the proof of (v). Let E^j : Y^ = fiX). Since 

f'(+kl(3+/3')/3) = 

and 

fi^kl{3 +/3^)) = k\k - lfl\-\ +/3'f > 0, 
f{X) = has only one real root. Therefore, £/5(R)[2] = Z/2Z. n 

The expression of addition of two points of E/^ is quite complicated since it 
has three parameters k, l,/3. So it is hard to check a point on E^ has infinite order 
by computer. Instead, we will give the following geometric and intuitive proof. 
The proof is based on Mazur's famous result on the torsion group of rational 
points of elliptic curves over Q (see [|21, [21). 

Proposition 2.3. E/^iQ) has positive rank. Equivalently, Hp has infinitely many 
rational points. 

Proof. By (v) of Proposition 12.21 and Mazur's result, if the rank of £'/j(Q) is 0, 
then |£'/j(Q)| < 12. So in order to prove Ep{Q) has positive rank, we will show it 
has at least 13 rational points. Since Ep and //g are birationally equivalent over 
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Q, it suffices to check it for H^. Changing the coordinate {x + p,y + P) to {x,y), 
we get a new equation 

Hp : Kx-P){x - l){x + 1) = k{y-P){y - \){y + 1). 

From this point to the end of the proof, we will use the above equation to 
show |//g(Q)| > 13. To do this, we can assume < yS < 1 and I > k. The reason 
is as follows. We omitted the case of /3 = since it was already done in [fT4l . 
For yS < 0, change coordinate {x, y) to {-x, -y) and for /3 > 1 , change coordinate 
{x,y) to {\{fi + 1)(.^ + 1) - 1, i(^ + 1X3; + 1) - 1). 

Letting (x - /3){x - l){x + I) = (y - /3)(y - l)(j + 1) = 0, we get nine distinct 
rational points of H^: 



Pr-i-h-i), 


P2 : (-1, /3), 


P3:(-h+l), 


P4:(fi,-l), 


P5:(j3, j3). 


P6:(fi,+l), 


Pt. (+1,-1), 


Ps : (+1, /3), 


P9:i+h+l). 



The tangent line of //g at (J3,/3): l{x - /3) - k(y - yS) = meets H^ at the new 
point: 

l-k 



l-k 



l + k 
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• 
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Pi 


Ps 
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Figure 

From the group law of cubic curve (p. 18-22 of IfTOl ). the negative -P is the 

third intersection of cubic curve and the line passing through P and Pq, where P 
is an arbitrary point of H^. So we have Pi + Pg = O. From the figure above, one 
can see P^ + P-] might be O. By (iv) of Proposition 12. 2[ it is easy to see the Y- 
coordinates ofP2, P3, P4, P?, do not equal to zero under the assumption < jS < 1 
and I > k > 0. So they are not two torsion points, i.e, -Pi i^ Pi (i = 2, 3, 4, 8). 
Drawing the lines connecting P, (/ = 2, 3, 4, 8) and Pq, one can easily see the set 
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{-P2, -P3, -Pa, -P?,\ is disjoint with the set {P,| 1 < ?' < 9} from the figure above. 
Hence |//e(Q)| > 13, which concludes the proof. n 

In what following, we will apply the above results to the ratio of 0-congruent 
numbers. From this point on, we will fixed an angle 6 with < 6 < n and let 
jS = cos 9. We will use notations Hq, Eg instead of //g, E/^, respectively. Also we 
will fixed coprime, unequal positive integers k, I. In addition, we require k, I are 
square-free. Recall that r is the denominator of cos 6. 

LetAjc = x((x + pf - l)/r and A^, = y{iy + pf - l)/r. Then every rational 
point {x, y) on Hq with Ax>Q gives rise two rational 0-triangles whose areas are 

in the ratio 

A,, _ k 

A'y'T 
Indeed, if Av is positive, the rational 0-triangle 

{{x+pf - \,2x, 1 + (x +/3f - 2{x+P)P (for x > 0) 

or 

{1 - {x+pf, -2x, l+{x+/3f- 2(x+fi)fi] (for x < 0) 
has area A ^r sin 9, and similar for Ay since it is also positive. Therefore, by the 
definition of 0-congruent numbers, every rational point (x, y) on Hg with Aj^ > 
produces a pair of congruent numbers, {Nx,Ny) when we take the square-free 
parts Nx of Av and Ny of Ay respectively. 

In the sequel, demonstrating the transformations in (iii) of proposition 12.21 
we will show that there are infinitely many points {X, Y) on Eg(Q) such that the 
corresponding point {x, y) on Hg satisfies 

A, >0, A, >0, {l,N,) = \, (k,Ny) = \. 

Taking the square-free part of both sides of lA^ = kAy, we will get 

(2.2) IN^ = kNy. 

To show the infinity of such points on Eg{Q), we use the valuation properties of 
elliptic curves over local fields. 

3. The valuation properties of global points on elliptic curves 

Let E be an elliptic curve over Q defined by the Weierstrass equation: 

Y^ =X^ + aX + b, a,be Q. 

Let S = {p\,p2, —,Pt] be a set of prime numbers. 
Given positive integers mi, m2, ..., m^, let 

U,„,,m,_n„{E) = {P^ E{mordp,{X{P)) = -2m,-, ordp,{Y{P)) = -3m;, where 1 < / < t]. 

Improving the Proposition 3.3 of [fT4| a bit more, we get 
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Proposition 3.1. If E(Q) has positive rank, then there exists an integer N such 
that C/mi,m2,...,m,(^) "^ 0, far all mi,m2, ...,mt > N. 

Proof. Let E' with coordinates {X', Y') be the global minimal Weierstrass Equa- 
tion of E over Q. It is well-known that such equation exists (see [8 J and [9], for 
instance). The coordinates {X, Y) and {X', Y') are related by 

X = u^X' + / and y = u^Y' + gu^X' + h, u,f,g,h 6 Q, m ^ 0. 

Hence, there exists an integer Mi such that 

'-' mi-si,m2-S2,...,m,-s,\^ ) ~ ^mi,m2,...,m,\^ )■ 

for all mi, m2, ..., m, > Mi, where Si = ordp,(M), ..., St = ordp,(M). 

By Proposition 3.1 and 3.3 of [14| , there exists an integer M2 such that 

Umi,m2,...,m,(E') + 0, for all mi,m2, ...,m, > M^. 

LetM = max{Mi,M2}.LetA^ = max{M - Si,M- S2,...,M- 5',}. Then 

Umum2,...,m,i.E) + 0, for all mi, m2, ..., m, > A^. 

n 

Proposition 3.2. Assume £'(R)[2] = Z/2Z and E{Q) has positive rank. Let 
Qi,Q2 € E(Q) such that Qi has infinite order. Then for any M > 0, there are 
infinitely many points P belonging to the set {+{\n\Qi + Q2)\n e Z} such that 
X(P) > M and y(P) > 0. 

Proof. Since £'(R)[2] = Z/2Z, ^(R) is a 1-dimensional commutative connected 
compact lie group. Hence, ^(R) is isomorphic to the unit circle group {z 6 C| |z| = 
1} as lie groups (see p. 7 of [15] orp.42of IfTDJI , for instance). The image of the set 
{["]2i + Qiln 6 Z} are everywhere dense in the circle group since Qi has infinite 
order. Pick up a sequence z„ from the image set such that limz,, = 1 as « goes 
to infinity. The corresponding sequence i?„ on ^(R) goes to the zero element 
as n goes to infinity. This is equivalent to \imX(R„) = -l-cx). Taking negative if 
necessary, we can assume Y(R„) > for all n. This concludes the proof. n 

4. Proof of the main theorem 

We now apply Proposition 13.11 and 13.21 to the curve Eg. From the results in 
section 2, we know that Eq{Q) has positive rank and £'e(R)[2] = Z/2Z. Recall 
that k i^ laxe coprime square-free positive integers. So E^ satisfies the conditions 
of Proposition |3.1 l and 13.21 Let S be the set of prime divisors of k and /. 

In what following, we will find an infinite set P such that every point (X, Y) 
ofP satisfies equation |2. 21 
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By Proposition [3T1 

(4.1) U^^,n2,...,mXEe) + 

for mi,m2, ..., m, being sufficiently large. 

Let P = {X, Y) be an arbitrary element of f/mi,m2, ■ .mX^e). Look carefully at 
the transformation formula in (///) of Proposition 12.21 For 1 < z < Z^, we have 

ordp,(^) = ordpX6j3Y) - ord^XlSySX^) = ordp,(3) - m,-, 

ordp,(y) = ordpX6/3Y) - ord,,(WX^) = ord^,(3) - m,, 
(4.2) 

ordp,(A.v) = 3ordp,(^) - ordp_(r) = 3ord/,,(3) - 3m; - ordp,^-), 

ordpX^y) = 3ordp,Cv) - ordp,^) = 3ordp,(3) - 3m,- - ordpX''), 

if mi, m2, ..., m, are sufficiently large. 

Therefore, we can fix suitable, large mi,m2, ...,m; such that equations 14.11 
and 14.21 hold and ordp.(A^),ordp.(Av) are both even for all points P = (X, Y) 6 

Umum2,...,m,(E0), whcrC I < l < t. 

From the transformation formula in (Hi) of Proposition [Z2] again, we have 

6fiY 1 6/3Y 1 

X ~ « — -^ and y « « — -^ 

ISfiX^ 3Vf 18^6X2 3Vf 

as X goes to +oo (Y > 0). So there exists M > such that if X > M and 7 > 0, 
then -1 - /3 < X, y < which implies A^, Ay > 0. 

Fix an element Q 6 t/m,,m2,...,m,(^e). Let /? be a positive integer coprime to 
PiP2-Pf Set Qi = [piP2-Pt]Q and Q2 = [h]Q. Applying Proposition O to 
such Qi, Q2,M, we find an infinite set f such that P c {+([n]2i + 22)!^ e Z} 
and every element (X, Y) of P satisfies X > M and 7 > 0. So every element 
(X, Y) of !P satisfies A, > 0,A, > 0. 

Since [n]Qi + Q2 = [npiP2--Pt + h]Q and (h, p\P2--Pt) = 1, by Proposition 
3.1 of m, we have r c {+{{n\Q, + Q2)\n e Z} c Umun2,...,m,{Ee)- So every 
element {X, Y) of V satisfies that ordp(A v), ordp(Ay) are both even for dXX p e S . 

Recall that Nx (resp. Ny) is the square-free part of A^i (resp. Ay). Summing up, 
we have 

A,>0, A, >0, (/,A^J = 1, {k,Ny) = \ 
for every point {X, Y) of P. Therefore 

Theorem 4.1. For each (X, Y) e P, we have IN^ = kNy. 

Following [fT4ll . we get 

Theorem 4.2. Associated with the infinite set of points {X, Y) in P, there are 
infinitely many pairs of square-free integers {Njc,Ny) 
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Proof. Assume that there are only finitely many such pairs. Then there must 
exist a pair (A^, M) of square-free integers associated with infinitely many rational 
points (Z, Y) in P. Using {x,y) instead of (X, Y), we conclude that the curve C : 
(Ix{x+l3-l){x+l3+l) = ky{y+p-\){y+p+l) 

\x{x + IS - \){x + IS + \)lr = Nz^ 
has infinitely many rational points. Consider the rational map of curves: 

C ^ Ep, {x,y,z) ^ {x,y). 

This map is of degree 2 and ramified at the point {x,y) = (0, 0). The Riemann- 
Hurwitz formula implies that the genus of C is greater than 1. By Faltings 141 's 
theorem, C only has a finite number of rational points. Thus, we get a contradic- 
tion. So there are infinitely many such pairs. n 

Putting Theorem 14.11 and W2\ to gether. we get our main theorem: 

Theorem 4.3. LetQ < 6 < n. If k andl are positive, square-free coprime integers, 
then there exist infinitely many pairs (M, N) of 6-congruent numbers such that 
IN = kM. 

Letting I = 1 , we get the following corollary. 

Corollary 4.4. Let < 9 < n. Given a positive, square-free integer k, there exist 
infinitely many pairs (M, N) of 6-congruent numbers such that N = kM. 
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ordinates.nb" will appear on line. 
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